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ABSTRACT

A package query returns a packageÐa multiset of tuplesÐthat max-
imizes or minimizes a linear objective function subject to linear
constraints, thereby enabling in-database decision support. Prior
work has established the equivalence of package queries to Integer
Linear Programs (ILPs) and developed the SketchRefine algorithm
for package query processing. While this algorithm was an impor-
tant first step toward supporting prescriptive analytics scalably
inside a relational database, it struggles when the data size grows
beyond a few hundred million tuples or when the constraints be-
come very tight. In this paper, we present Progressive Shading, a
novel algorithm for processing package queries that can scale effi-
ciently to billions of tuples and gracefully handle tight constraints.
Progressive Shading solves a sequence of optimization problems
over a hierarchy of relations, each resulting from an ever-finer par-
titioning of the original tuples into homogeneous groups until the
original relation is obtained. This strategy avoids the premature
discarding of high-quality tuples that can occur with SketchRe-

fine. Our novel partitioning scheme, Dynamic Low Variance, can
handle very large relations with multiple attributes and can dynam-
ically adapt to both concentrated and spread-out sets of attribute
values, provably outperforming traditional partitioning schemes
such as kd-tree. We further optimize our system by replacing our
off-the-shelf optimization software with customized ILP and LP
solvers, called Dual Reducer and Parallel Dual Simplex respec-
tively, that are highly accurate and orders of magnitude faster.
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1 INTRODUCTION

Package queries [5] extend traditional relational database queries to
handle constraints that are defined over a multiset of tuples called
a łpackage.ž A package has to satisfy two types of constraints:

• Local predicates: traditional selection predicates, i.e., constraints
that each tuple in the package has to satisfy individually.

• Global predicates: constraints that all the tuples within the pack-
age have to satisfy collectively.

There can be many such feasible packages. A package query selects
a feasible package that maximizes or minimizes a linear objective.

For example, consider the following package query: An astro-

physicist needs to find a certain number of rectangular regions of the

night sky that may contain unseen quasars. These regions should have

average brightness above a certain threshold and their overall red

shift should lie between specified values. Among those regions, the one

with the maximum combined log-likelihood of containing a quasar

is preferred [16]. Suppose that we have a Regions table as below:

ID brightness redshift quasar · · · explored

301 6.0 1.47 -0.05 · · · true 𝑥1
491 9.6 1.68 -0.01 · · · false 𝑥2
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

This package query can be expressed declaratively using PaQL,
an SQL-based query language [5]:

SELECT PACKAGE(*) AS P

FROM Regions R REPEAT 0

WHERE R.explored = 'false'

SUCH THAT COUNT(P.*) = 10

AVG(P.brightness) ≥ 𝜃

SUM(P.redshift) BETWEEN 𝛾1 AND 𝛾2
MAXIMIZE SUM(P.quasar)

In this example, the number of rows, i.e., rectangular regions of the
night sky, can become very large if the surveying resolution is high
and/or the surveying volume of the night sky is large. For such a
query, the relation size typically ranges from millions to billions of
regions while the number of constraints is constant. This example
shows how a package query with a very large number of rows can
arise in scientific applications such as astronomy, oceanography,
atmospheric science, and more. Large package queries can appear
in many other domains, in the context of decision support. For ex-
ample, consider a national marketing campaign where each person
is exposed to one out of a possible set of 𝑘 personalized ads. Each
row of the table now corresponds to a (person, ad) pair. A model
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Figure 1: From left to right: five increasing resolutions of terrain height: 4x4, 8x8, 16x16, 32x32, 64x64. The blue square is the

highest square in the lowest resolution. The red squares are the 16 highest squares in each subsequent resolution.

predicts the expected purchase amount for each person, given the
person’s features and the ad. The goal is to select an ad for each per-
son so as to maximize predicted sales, subject to constraints on the
advertising budget. The problem becomes even larger if each person
can be shown multiple ads over a period of time. Other examples
include certain types of portfolio optimization problems [20].

Every package query corresponds to an Integer Linear Program
(ILP) [5], a common but challenging type of optimization problem.
For a relation containing 𝑛 tuples, there are 𝑛 decision variables,
with the 𝑖th decision variable 𝑥𝑖 representing the multiplicity (pos-
sibly 0) of the 𝑖th tuple in the package. In the astrophysics example,
𝑥𝑖 = 1 if the 𝑖th region is included in the package and 𝑥𝑖 = 0 other-
wise. Thus, setting 𝑐𝑖 = 𝑡𝑖 .quasar, we want to maximize the linear
function

∑

𝑖 𝑐𝑖𝑥𝑖 subject to linear constraints such as
∑

𝑖 𝑥𝑖 = 10 and
∑

𝑖 𝑎𝑖𝑥𝑖 ≤ 𝛾2. where 𝑎𝑖 = 𝑡𝑖 .redshift. Thus, black-box ILP solvers
likeGurobi [10] orCPLEX [30] can, in principle, be used to compute
the optimal package for any package query. When 𝑛 grows beyond
several million, however, the foregoing solvers typically do not scale
because they employ ILP techniques that have 𝑂

(

exp(𝑛)
)

worst-
case running time. The SketchRefine approximate package-query
processing algorithm introduced in [5] breaks down the original
optimization problem into a sequence of small problems and works
well up to tens of millions of decision variables. Beyond this scale,
however, its performance deteriorates in both running time and op-
timality as shown by our experimental results in Section 4.2.Because
the number of decision variables in a package query is oftenmultiple
orders of magnitude greater than the łlargež problems previously
studied in the optimization literature, prior approximate ILP algo-
rithms have even more trouble scaling because, unlike SketchRe-
fine, they need to process all the decision variables at once [9].

Overview of SketchRefine and its limitations. SketchRe-

fine partitions relations to scalably approximate package queries.
Each partition contains similar tuples that are averaged to construct
a representative tuple. In SketchRefine, a łsketchž is a package
solution over the representative tuples only. Representative tuples
included in the sketch indicate that their groups may have tuples
that can be part of the optimal package. The sketch is łrefinedž by
searching through these groups, iteratively replacing each repre-
sentative with the group’s tuples, and re-solving the package-query
ILP until a feasible package is constructed from the actual tuples.

SketchRefine uses kd-tree partitioning [8] with a fixed num-
ber of groups, regardless of the relation size. The number of groups
is usually small (e.g., up to 1000 groups for a relation size of tens
of millions) resulting in a large number of tuples in each group.

While this approach allows aggressive pruning of the relation in the
sketch phase, it has three drawbacks. First, the representative tuples
may not accurately represent their groups, especially if the under-
lying distribution of tuples has a high variance. This can lead to
false infeasibility, where no solution is found during sketching even
though a feasible package does exist. Our experimental results in
Section 4.2 show that the prevalence of false infeasibility increases
significantly as the query constraints become tighter, i.e., as the
feasible region shrinks. Second, the aggressive pruning of entire
groups might eliminate potential tuples at the periphery of these
groups from consideration, i.e., groups that were not selected in
the sketch can contain outlying tuples that can improve the overall
objective value. Without these tuples, SketchRefine can produce
packages with suboptimal objective values. Third, when the relation
size increases, the size of the refine queries, which essentially equals
the group size, increases. It is challenging at best, and often impos-
sible in practice, to decide exactly how fine the partitions should be.
Creating too many groups will result in high computational costs
for the partitioning algorithm and for solving the sketch query. Cre-
ating too few groups will degrade the accuracy of the sketch query
and possibly cause false-infeasibility problems, as well as rendering
the solution of each refine query hugely expensive. SketchRefine
thus fails to scale to relations on the order of 100M tuples or more.

Our new approach. In this work, we introduce Progressive Shad-
ing, a novel approach for approximately solving package queries
over extremely large relations which overcomes the above limita-
tions. Our method relies on a hierarchy of relations comprising
𝐿+1 layers of increasingly aggregated representative tuples. Layer 0
consists of the original tuples from the relation; each layer 𝑙 > 0

comprises representative tuples (representing groups) obtained af-
ter partitioning the tuples in layer 𝑙 − 1. Each layer comprises a
large number of groupsÐthe size of each group is small so that each
representative tuple in layer 𝑙 accurately summarizes the attribute
values of its corresponding tuples in layer 𝑙 − 1. The search for
optimal packages starts in layer 𝐿 by solving a linear program (LP)
over all of its representative tuples under the original constraints
and objective but with the integrality requirement on the decision
variables removed. The chosen tuples found in the LP are aug-
mented with additional nearby "promising" representative tuples to
help prevent premature discarding of potentially valuable tuples in
layer 𝐿−1. Then all of the chosen tuples in layer 𝐿 are expanded into
their corresponding groups in layer 𝐿 − 1. This so-called Neighbor
Sampling procedure of augmenting and expanding representative
tuples from the current LP solution is executed at each successive
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level of the hierarchy until we reach layer 0, at which point we
solve a final ILP to produce the solution package (Section 2.2).

Intuitively, the differences between SketchRefine and the itera-
tive procedure of Progressive Shading can be described via an
analogy to resolution-mapping techniques in fields like geographic
or demographic analysis [2]. Figure 1 shows a hierarchy of resolu-
tion from low to high of a terrain-height map that is analogous to
the hierarchy of relations in Progressive Shading. An efficient
approach like Progressive Shading would start from the lowest
resolution and iterate toward the highest resolution. In each itera-
tion, it starts with the 16 highest squares in the current resolution
and expands those squares into the next resolution, and, among
those, selects the 16 highest squares. This approach diversifies the
final result in the highest resolution and thus, captures the irregular-
ities of the terrain. On the other hand, SketchRefine is analogous
to simply looking at the highest square (the blue square) in the
lowest resolution and analyzing its height in the highest resolution.

The former resolution-mapping approach only works when
each resolution is not downscaled too drastically to the next lower
resolutionÐotherwise, the search within each higher-resolution
square takes too long. For example, the downscale factor from 64x64
to 4x4 resolution is 256 since 5376 pixels are partitioned into 16
squares. On the other hand, going from 64x64 to 32x32 resolution
has a downscale factor of 4. Analogously, the hierarchy of relations
in Progressive Shading requires a partitioning algorithm that:

• Efficiently produces a large number of partitions/groups, e.g.,
typically about 0.1%-10% of the number of tuples (so a downscale
factor between 1000 and 10). A typical kd-tree partition used
in SketchRefine [5] has a downscale factor of 𝑛/𝑔 where 𝑛 is
the relation size and 𝑔 is the fixed number of groups (at most
1000), which explains why kd-tree is not particularly suitable
for Progressive Shading when 𝑛 is large; and

• Supports fast group-membership determination for arbitrary
tuple values (not necessarily appearing in the relation), as needed
for efficient execution of Progressive Shading.

We, therefore, provide a novel partitioning algorithm, Dynamic
Low Variance (DLV), that satisfies these requirements. The ad-
vantages of DLV over standard partitioning algorithms such as
𝑘-means [12], hierarchical clustering [18], and 𝑘-dimensional quad-
trees [8] are (1) its ability to run under limited memory, (2) its
cache-friendliness, and (3) its high parallelizability. Importantly,
DLV is a dynamic scheme, which allows it to refine its partitions
in response to outliers, i.e., to the shape of the distribution of the
tuple’s attributes: in our stylized example, a DLV partition on the
64x64 resolution can isolate high peaks into their own groups to
maintain low variance within groups.DLVminimizes attribute vari-
ance to implicitly ensure that similar tuples are grouped together.

At the end of Progressive Shading, we end up with an in-
memory ILP of a package query with tuples from the original re-
lation. This ILP typically has at least hundreds of thousands of
variables. Black-box ILP solvers would require a large amount of
time to produce an optimal solution (especially when the underly-
ing ILP is hard to solve) and hence, are unsuitable for Progressive
Shading. We, therefore, develop Dual Reducer, a new heuristic
algorithm that can solve a package query over millions of tuples
in less than a second with close-to-optimal objective values. It

Figure 2: High-level architecture of Progressive Shading

andDLV for scaling package query evaluation over very large

relations.

achieves this by first solving an LP that essentially removes the
integrality constraints of the ILP and then formulates a second
LP using constraints that help prune tuples whose corresponding
decision variables likely will not appear in the ILP solution. It effec-
tively shrinks the original ILP into a very small sub-ILP that can be
efficiently handled by black-box ILP solvers. As with any heuristic
ILP solver, false infeasibility can occur in Dual Reducer when
the pruning is too aggressive. We handle this issue by gradually
reducing the degree of pruning until we end up solving the original
ILP using a black-box ILP solver.

Progressive Shading extensively uses an LP solver for its in-
termediate layers and an ILP solver for layer 0. To further boost
performance, we replace the intermediate black-box LP solver with
our highly accurate and much faster implementation Parallel

Dual Simplex, which exploits the special structure of the ILPs that
arise when solving package queries compared to general ILPs (Sec-
tion 2.3). We also replace the final black-box ILP solver with our
novel Dual Reducer heuristic ILP solver (Section 2.4); see Figure 2.

Contributions. In summary, we significantly expand the applica-
bility of package-query technology to handle very large problems
with potentially tight constraints via the following contributions:

• A novel hierarchical strategy, called Progressive Shading, for
finding high-quality package tuples that avoids the pitfalls of the
SketchRefine approach (Section 2).

• An effective and efficient partitioning scheme, Dynamic Low

Variance, for creating the hierarchical data partitions needed by
Progressive Shading and handling outlying data well, together
with an analytical comparison to kd-tree that verifies DLV’s
superior behavior (Section 3).

• A novel heuristic, Dual Reducer, for a very fast approximate so-
lution of the final ILP encountered in Progressive Shading that
uses a simple pruning strategy and a mechanism to guarantee
solvability (Section 2.4), along with an optimized and highly par-
allelized LP solver, Parallel Dual Simplex, for accurate solution
of LPs encountered in Progressive Shading (Section 2.3).

• A thorough experimental study showing that, unlike SketchRe-
fine, Progressive Shading is scalable beyond hundreds of mil-
lions of tuples and, even for smaller relations, it can solve łhardž
package queries for which SketchRefine suffers from false in-
feasibility. When both algorithms can produce feasible packages,
Progressive Shading is faster and the solution packages have
better objective values (Section 4.2). Notably, as part of this study,
we define a novel hardness metric and provide a way to generate
queries of a specific hardness, thereby providing a means and
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a benchmark to systematically evaluate package-query solvers
(Section 4.1).

2 PROGRESSIVE SHADING

The key challenge with directly solving the large ILPs that arise
from package queries over large relations is that current solvers re-
quire that the corresponding LPs (where the integrality constraints
are removed) fit into memory. Both SketchRefine and Progres-

sive Shading algorithms avoid this problem by partitioning the
large relation into smaller groups that fit inmemory and then formu-
lating small ILPs based on the representative tuples corresponding
to these groups, thereby obtaining an approximate solution to the
original ILP. These two algorithms, however, use very different
strategies to obtain these small ILPs.

While SketchRefine łrefinesž the sketch solution by iteratively
replacing each chosen representative tuple with the group’s tuples,
Progressive Shading first augments the sketch solution with ad-
ditional łpromisingž representative tuples and then replaces all the
chosen representative tuples with their group’s tuples at once. In
doing so, Progressive Shading tries to make each intermediate LP
as large as possible by augmentation (viaNeighbor Sampling); this
improves the quality of the ILP solution of the original tuples rela-
tive to SketchRefine by not eliminating potentially high-quality
tuples from consideration too early. More specifically, the algorithm
tries to always solve an LP or ILP where the number of variables
is close to, but does not exceed, an upper bound 𝛼 . We call 𝛼 the
augmenting size ; it is chosen so that an LP with 𝛼 variables fits in
memory and can be solved relatively fast, e.g., within 1 second for
interactive performance [27].

Hierarchy of Relations. Progressive Shading relies on a hierar-
chy of relations of 𝐿 + 1 layers where layer 0 is the original relation
and each layer 𝑙 ≥ 1 is the relation comprised of 𝑟𝑙 representative
tuples obtained after grouping the 𝑛𝑙−1 tuples in layer 𝑙 − 1. That
is, layer 𝑙 − 1 is partitioned into 𝑟𝑙 groups with downscale factor

𝑑𝑓 = 𝑛𝑙−1/𝑟𝑙 . So the downscale factor 𝑑𝑓 is the average number of
tuples per group.

Given 𝑑𝑓 , the depth 𝐿 of the hierarchy is the smallest number of
layers such that the final layer 𝐿 has a size at most 𝛼 . That is, for a
relation having 𝑛 tuples and a downscale factor 𝑑𝑓 , the final layer 𝐿

has a size approximately 𝑛/(𝑑𝑓 )
𝐿 ≤ 𝛼 , so that the minimal number

of layers is 𝐿 = ⌈log𝑑𝑓
(𝑛/𝛼)⌉. See Figure 3 for an example.

A group in layer 𝑙 ∈ [0..𝐿] is defined by intervals [𝑎 𝑗 , 𝑏 𝑗 ] where
−∞ ≤ 𝑎 𝑗 < 𝑏 𝑗 ≤ ∞ for each attribute 𝑗 such that all groups
are non-overlapping. A tuple 𝑡 belongs to the group if and only if
𝑡 . 𝑗 ∈ [𝑎 𝑗 , 𝑏 𝑗 ] for all 𝑗 , where 𝑡 . 𝑗 is the attribute 𝑗 of tuple 𝑡 .

To compute the hierarchy of relations, we apply our partitioning
algorithm, Dynamic Low Variance (Section 3.2), iteratively from
layer 0 to layer 𝐿 − 1 with a downscale factor 𝑑𝑓 . For ease of presen-
tation, we largely ignore the effects of local predicates on the solv-
ability and optimality of the solution package; see [22, Appendix E]
for a brief discussion of how to mitigate the decreasing accuracy
of representative tuples as local predicates select fewer tuples.

Progressive Shading overview. A high-level view of Progres-
sive Shading is presented in Algorithm 1. Given the hierarchy of
relations, along with the augmenting size 𝛼 , Progressive Shad-

ing processes a package query by starting with the set 𝑆𝐿 of all

Algorithm 1 Progressive Shading

Input: 𝑄 := package query
Parameter: 𝛼 := augmenting size
1: 𝑆𝐿 ← set of indices of all representative tuples at layer 𝐿
2: 𝑙 ← 𝐿

3: while 𝑙 > 0 do

4: 𝑆𝑙−1 ← Shading(𝑙, 𝛼, 𝑆𝑙 , 𝑄)
5: 𝑙 ← 𝑙 − 1

6: 𝑆∗ ← Dual Reducer (𝑄 , 𝑆0)
return 𝑆∗

Algorithm 2 Shading

Input: 𝑙 := layer 𝑙 > 0

𝛼 := augmenting size

𝑆𝑙 := set of indices of potential candidates at layer 𝑙
𝑄 := package query

1: 𝑃 ← Formulate LP (𝑄 [𝑆𝑙 ])
2: 𝑥∗ ← Parallel Dual Simplex (𝑃 )
3: 𝑆 ′

𝑙
← {𝑖 ∈ 𝑆𝑙 |𝑥

∗
𝑖 > 0} ⊲ 𝑆 ′

𝑙
⊆ 𝑆𝑙

4: 𝑆𝑙−1 ← Neighbor Sampling(𝑙, 𝛼, 𝑆 ′
𝑙
)

return 𝑆𝑙−1

potential candidatesÐi.e., the set of all representative tuplesÐin
layer 𝐿 (line 1) and then iterates through the hierarchy down to
layer 0 using Shading (Algorithm 2) to return a set 𝑆𝑙−1 of at most
𝛼 potential candidates from layer 𝑙 − 1 given the set of potential
candidates 𝑆𝑙 from layer 𝑙 (line 4). At layer 0, Progressive Shad-
ing produces the final solution package from the package query
𝑄 [𝑆0] using Dual Reducer (Section 2.4), our heuristic ILP solver
specifically designed to be efficient when solving ILPs arising from
package queries (line 6). We describe the various components of
Progressive Shading in the following subsections.

2.1 Shading

Shading starts by formulating a package query 𝑄 [𝑆𝑙 ] from the
tuples in 𝑆𝑙 , which leads to an ILP. The algorithm then formulates
an LP by removing the integrality conditions of the ILP (line 1).

It then solves the LP using Parallel Dual Simplex (Section 2.3)
Ð our efficient LP solver specifically designed to exploit the fact that
package queries have a very low number of constraints𝑚 (line 2).
The LP solution 𝑥∗ serves only to seed the initial set 𝑆 ′

𝑙
of potential

candidates, i.e., 𝑆 ′
𝑙
comprises tuples with positive coefficients in 𝑥∗

(line 3). The final step is to augment and expand the representative
tuples in 𝑆 ′

𝑙
to 𝑆𝑙−1 (line 4) via the Neighbor Sampling algorithm

(Section 2.2).
A potential concern is that expanding the representative tuples

in 𝑆 ′
𝑙
might generate an excessive number of candidate tuples at

layer 𝑙 −1; that is, the expected number of layer-(𝑙 −1) tuples 𝑑𝑓 |𝑆
′
𝑙
|

will exceed 𝛼 and removal of tuples, rather than augmentation up
to size 𝛼 , will be required. This scenario is unlikely, though, because
(1) 𝑑𝑓 is typically small (Section 3.1), and (2) for package queries,
the number |𝑆 ′

𝑙
| of positive coefficients in 𝑥∗ is typically small in

that |𝑆 ′
𝑙
| ≤ ⌈𝑚 + ∥𝑥∗∥1⌉ ≪ 𝛼 where𝑚 is the number of constraints

and ∥·∥1 is the L1 norm (see Section 2.4 for a proof). If this scenario
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Figure 3: A 3-layer hierarchy of relations produced by Dynamic Low Variance with a downscale factor of 4. Each short colored

bar represents a tuple in the hierarchy with long vertical black lines denoting partition boundaries.

Figure 4: Groups G1, G2, G4, and G7 are neighboring to G5

since they contain the constructed neighboring tuples.

occurs, we can remove tuples in order of worst objective-value
coefficient first until the number of layer-(𝑙 − 1) tuples is at most 𝛼 .

Mini-Experiment 1. Does replacing the LP solution with an ILP

solution in Shading improve overall optimality?

No. We observed no improvement in Progressive Shading’s
optimality or solvability when replacing the LP solution (line 2
of the Shading algorithm) with an ILP one. As LPs are faster to
solve than ILPs, we prefer the LP formulation. See [22, Figure 13]
for details.

2.2 Neighbor Sampling

Given the solution tuples 𝑆 ′
𝑙
at layer 𝑙 , Neighbor Sampling in line 4

of Algorithm 2 selects tuples 𝑆𝑙−1 from layer 𝑙 − 1. First, it replaces
𝑙-layer tuple 𝑔 in 𝑆 ′

𝑙
with the 𝑙 − 1-layer tuples of the group 𝑔 via

GetTuples(𝑙 − 1, 𝑔) (line 2 of Algorithm 3). It then augments this
set with tuples from neighboring groups.

Figure 4 shows a typical representation of 2D groups, demarcated
by horizontal and vertical lines. In general, a group can have more
than two attributes, with [𝑎 𝑗 , 𝑏 𝑗 ] specifying the group boundaries
along attribute 𝑗 . Each group is represented by its average tuple (the
orange dot in Figure 4). Suppose the blue circle represents a "good"
region of tuples that are likely to be found in the optimal package.
G5’s representative tuple (orange dot) lies within this good region
and is selected in the candidate solution set 𝑆 ′

𝑙
. If we only select G5’s

tuples for the next Shading iteration, we would miss out on tuples
in G1 that lie within the good region. These are hidden outliers Ð

Algorithm 3 Neighbor Sampling

Input: 𝑙 := layer 𝑙 > 0

𝛼 := augmenting size
𝑆 ′
𝑙
:= set of indices of tuples selected by the LP solution.

1: 𝜖 ← min𝑡 . 𝑗≠𝑡 . 𝑗 |𝑡 . 𝑗 − 𝑡 . 𝑗 |

2: 𝑆𝑙−1 ← ∪𝑔∈𝑆 ′
𝑙
GetTuples(𝑙 − 1, 𝑔)

3: 𝑆 ′
𝑙
← ∅ ⊲ The complement of 𝑆 ′

𝑙
4: while |𝑆 ′

𝑙
| > 0 and |𝑆𝑙−1 | < 𝛼 do

5: 𝑔← argmax𝑔∈𝑆 ′
𝑙
ObjVal(𝑔)

6: 𝑆 ′
𝑙
← 𝑆 ′

𝑙
\ {𝑔} ⊲ 𝑆′

𝑙
is a max-priority queue

7: 𝑆 ′
𝑙
← 𝑆 ′

𝑙
∪ {𝑔}

8: 𝐴𝑔 ← {[𝑎 𝑗 , 𝑏 𝑗 ], 𝑗 = 1, ..., 𝑘}

9: 𝑇 ← {𝑎1 − 𝜖,
𝑎1+𝑏1

2 , 𝑏1 + 𝜖} × ... × {𝑎𝑘 − 𝜖,
𝑎𝑘+𝑏𝑘

2 , 𝑏𝑘 + 𝜖}

10: for each 𝑡 ∈ 𝑇 do

11: 𝑔′ ← GetGroup(𝑙, 𝑡 )
12: if 𝑔′ ∉ 𝑆 ′

𝑙
∪ 𝑆 ′

𝑙
then ⊲ If we have not seen 𝑔′ before

13: 𝑆 ′
𝑙
← 𝑆 ′

𝑙
∪ {𝑔′}

14: 𝑆𝑙−1 ← 𝑆𝑙−1∪ GetTuples(𝑙 − 1, 𝑔′)

return 𝑆𝑙−1 [: 𝛼] ⊲ Return 𝛼 highest objective tuples.

tuples that are potentially in the final solution but are hidden as
their groups’ representative tuples are far from the łgoodž region.
We want an algorithm that can add tuples from these neighboring
groups which are identified by some measure of łclosenessž to the
selected group G5.

Without loss of generality, we present Neighbor Sampling

(Algorithm 3) assuming an objective maximization query. One
can replace ‘max/highest’ with ‘min/lowest’ for objective mini-
mization queries. We select a group 𝑔 with the highest objective
value ObjVal(g) (line 5). Group 𝑔 is defined by a set of intervals
𝐴𝑔 = {[𝑎 𝑗 , 𝑏 𝑗 ], 𝑗 = 1, ..., 𝑘} (line 8). We construct a neighboring
tuple 𝑡 that lies łjust outsidež group 𝑔 by setting each attribute 𝑡 . 𝑗
equal to 𝑎 𝑗 −𝜖 , 𝑏 𝑗 +𝜖 , or (𝑎 𝑗 +𝑏 𝑗 )/2where 𝜖 is the smallest positive
distance between any two tuples in layer 𝑙 over some attribute (line
1). We let 𝑇 be the set of all such tuples (line 9); note that |𝑇 | = 3𝑘 ,
where 𝑘 is the number of attributes. We now find the group 𝑔′

(GetGroup(𝑙, 𝑡), line 11), which contains the constructed tuple 𝑡 ,
and add its representative tuple to 𝑆 ′

𝑙
and all its constituent tuples

to 𝑆𝑙−1 (line 13,14). The efficiency of Neighbor Sampling critically
relies on the efficiency of GetGroup(𝑙, 𝑡). A naive implementation
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of GetGroup(𝑙, 𝑡) would be to linearly scan all the groups to find
where tuple 𝑡 belongs. We show in [22, Appendix D.2] that Dy-
namic Low Variance can achieve sub-linear time complexity for
the function GetGroup(𝑙, 𝑡). This sampling of neighboring tuples
continues as long as |𝑆𝑙−1 | < 𝛼 (line 4).

Mini-Experiment 2. Does replacing Neighbor Sampling with a

random sampling of representative tuples impact the overall perfor-

mance of Progressive Shading?

We ran query Q1 SDSS described in Table 1 with query-hardness
levels ℎ̃ ∈ {1, 3, 5, 7, 9, 11, 13} (Section 4.1). For each ℎ̃, we ran-
domly sampled 5 sub-relations of size 10 million representing
5 queries for a total of 35 queries. We compared the results be-
tween two Progressive Shading variants: one with Neighbor

Sampling and one where Neighbor Sampling is replaced by a
random sampling of tuples. Progressive Shading with Neigh-

bor Sampling solved all of the 35 package queries while the
random-sampling variant solved one less. On average, the solv-
able queries showed a 7.67x improvement in the objective value
when using Neighbor Sampling. Experiments with other queries
yield similar results; see [22, Figure 15] for details.

2.3 Parallel Dual Simplex

A key ingredient in Progressive Shading is the LP solver. Typical
LP sizes range from hundreds of thousands to tens of millions of
variables. The standard dual simplex algorithms in commercial
systems such as Gurobi or CPLEX are sequential and make no
assumptions on the number of variables versus the number of
constraints. In this generic setting, prior works [4, 15] have tried
to efficiently parallelize dual simplex for up to 8 processing cores.
Specifically, in [15], the authors observed a 2.34x speedup at 8 cores,
with 65% of the execution effectively parallelized.

We introduce a novel algorithm, Parallel Dual Simplex, that
achieves superior speedup by exploiting the special structure of
the ILPs that arise when solving package queries. In textbook ILPs
(such as set cover [32], unit commitment [19], knapsack sharing
[11], and traveling salesman [23]), the number 𝑚 of constraints
is a polynomial function of the number 𝑛 of variables. In contrast,
a package query ILP has a constant number of constraints𝑚 that
is much smaller than 𝑛. By exploiting this structural difference, we
greatly simplify our dual simplex implementation and are also able
to efficiently parallelize most of the dual simplex sub-procedures.
Roughly speaking, in dual simplex, we quickly move from one solu-
tion to another better one by selecting a good direction via pivoting
[28]. Moving between solutions involves multiplications of an 𝑛×𝑚
matrix by an𝑚-vector, which can be parallelized over 𝑛. Further-
more, the search for a good direction is a sequential operation but
can be parallelized efficiently as we observed in our experiments
assuming that we have a few constraints 𝑚 and a huge number
of variables 𝑛. See [22, Appendices B and C] for technical details.

Mini-Experiment 3. How well does Parallel Dual Simplex scale

with more cores?

We found that our Parallel Dual Simplex algorithm can scale
up to at least 80 cores, attaining a 4.79x speedup, with 80% of the
execution effectively parallelizedÐa significant improvement over

Algorithm 4 Dual Reducer

Input: 𝑄 := package query
𝑆 := set of indices of 𝑛 tuples in the relation

Parameter: 𝑞 := initial size of the sub-ILP
1: 𝑃 ← Formulate LP(𝑄 [𝑆])

2: 𝑥∗ ←Parallel Dual Simplex (𝑃)

3: 𝐸 ←
∑𝑛
𝑖=1 𝑥

∗
𝑖

4: 𝑃 ′ ← 𝑃 where the upper bound of each variable is 𝐸/𝑞
5: 𝑦∗ ←Parallel Dual Simplex (𝑃 ′)

6: 𝑆 ′ ← {𝑖 |𝑥∗𝑖 > 0 ∨ 𝑦∗𝑖 > 0}

7: 𝑃∗ ← Formulate ILP(𝑄 [𝑆 ′])

8: 𝑆∗ ← ILPSolver(𝑃∗)

9: while 𝑆∗ = ∅ and 𝑞 < 𝑛 do ⊲ Fallback mechanism

10: 𝑞 ← min(2𝑞, 𝑛)

11: Uniformly sample 𝑆𝑢 ⊆ {𝑖 |𝑖 ∉ 𝑆 ′} such that |𝑆𝑢 | = 𝑞 − |𝑆 ′ |

12: 𝑆 ′ ← 𝑆 ′ ∪ 𝑆𝑢
13: 𝑃∗ ← Formulate ILP(𝑄 [𝑆 ′])

14: 𝑆∗ ← ILPSolver(𝑃∗)

15: return 𝑆∗

generic parallel dual simplex implementations. See [22, Figure 12]
for details.

2.4 Dual Reducer

Dual Reducer is a novel heuristic (Algorithm 4) for efficiently
and approximately solving the final ILP encountered in Progres-

sive Shading (line 7 of Algorithm 1). It is a type of Relaxation
Enforced Neighborhood Search (RENS) heuristic [3, 9]. RENS are
characterized by constructing a sub-ILP (to be solved by a black-
box ILP solver) where most of the zero decision variables in the LP
relaxation 𝑥∗ are hard-fixed to 0.

Number of positive coefficients in the LP solution. Dual Re-

ducer initially computes the LP solution 𝑥∗ (line 1-2). For 𝑥∗, the
theory of the simplex method [14] asserts that the number of basic
variables that can take fractional values is at most the number of
constraints 𝑚. Assuming that the upper bound of each variable
is 1, the number of non-basic variables, which can either be 0 or
1, is therefore 𝑛 −𝑚, where 𝑛 is the number of variables. Letting
𝐸 =

∑𝑛
𝑖=1 𝑥

∗
𝑖 (line 3) be the sum of all decision variables of 𝑥∗, i.e.

the L1 norm of 𝑥∗, we see that the number of variables that are
0 is at least ⌊𝑛 −𝑚 − 𝐸⌋. Note that most of the decision variables
are 0 in 𝑥∗ since 𝑛 ≫𝑚 + 𝐸 and only a few variables are positive,
i.e., at most ⌈𝑚 + 𝐸⌉ of them. We can now use 𝑥∗ to construct a
reduced-size sub-ILP from the positive variables. Let 𝑞 be the size
of this sub-ILP.

Configuring 𝒒. If 𝑞 ≈ 𝐸, i.e. we have pruned out all zero-valued
decision variables, we may end up with false infeasibility (the sub-
ILP is infeasible but the ILP itself is feasible) or sub-optimality.
If 𝑞 is too large, then we may incur unnecessary and significant
computational costs. The right value of 𝑞 should be small enough
to allow the sub-ILP to be solved within interactive performance
by an off-the-shelf black-box ILP solver, (i.e. sub-second time), yet
large enough to comfortably contain the typical solution sizes for
package queries. E.g., package queries in our benchmark (Section
4.1) typically have solutions with 10 to 1000 tuples (𝐸 ≈ [10 −
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1000]), and setting 𝑞 = 500 achieves the right balance of interactive
performance and feasibility. See [22, Mini-Experiment 7] for the
impact of 𝑞 on the performance of Dual Reducer.

Sub-ILP. From 𝑥∗ and 𝑞, Dual Reducer constructs an auxiliary
LP 𝑃 ′ such that its solution has approximately 𝑞 positive variables
(lines 4-5). We observe that the sum of all decision variables of 𝑥∗

is 𝐸 when the upper bound of each variable is 1. Hence, by limiting
the upper bound of each variable to 𝐸/𝑞, we hope to have at least 𝑞
positive variables. This simple modification effectively forces the LP
solver to distribute its choices evenly across the tuples to produce
𝑞 positive decision variables in 𝑦∗. Dual Reducer now formulates
and solves the sub-ILP using tuples with positive coefficients in
both the initial and the auxiliary LP solutions, 𝑥∗ and 𝑦∗ (lines 6-8).

Fallback mechanism. Unlike other RENS heuristics, Dual Re-
ducer has a graceful fallback mechanism to handle false infeasibil-
ity if 𝑞 is insufficiently large (line 9). Dual Reducer doubles 𝑞 and
randomly samples more tuples to include in the sub-ILP from the
original relation (lines 11-12) until it includes the full relation. In
practice, we observed that many of the difficult queries could be
solved after one or two fallback iterations, i.e., doubling or quadru-
pling the initial sub-ILP size, without falling all the way back to the
original relation.

Mini-Experiment 4. Does replacing the Auxilary LP with a ran-

dom sampling of tuples from 𝑆 to formulate a sub-ILP of size 𝑞

impact the overall performance of Dual Reducer?

We ran query Q1 SDSS described in Table 1 with query-hardness
levels ℎ̃ ∈ {1, 3, 5, 7, 9, 11, 13} (Section 4.1). For each ℎ̃, we ran-
domly sampled 5 sub-relations of size 1 million representing 5
queries for a total of 35 queries. We compared the results between
two Dual Reducer variants: one with the Auxiliary LP 𝑃 ′ and
one with a random sampling, i.e., replacing line 6 of Algorithm
4 with 𝑆 ′ ← {𝑖 |𝑥∗𝑖 > 0 ∨ 𝑢𝑖 < 𝑞/𝑛} where 𝑢𝑖 ∼ U(0, 1). Dual
Reducer with Auxiliary LP solved all 35 queries, while Dual Re-
ducer with random sampling solved only 25. For queries solved
by both variants, we observed an improvement in the objective
value by 1.135x on average when using Dual Reducer with Aux-
iliary LP. Results for other queries were similar; see [22, Figure 16]
for details.

3 PARTITIONING ALGORITHM

Dynamic Low Variance (DLV) is a novel partitioning algorithm
that works with multidimensional tuples (Section 3.2) and very
large relations ([22, Appendix D.2]). The algorithm relies on the
1-D Dynamic Low Variance (1-D DLV) subroutine that iteratively
selects and partitions a relation one attribute at a time. 1-D DLV is
unlike traditional partitioning algorithms such as kd-tree: in one
iteration, it partitions an attribute using 𝑝 ≥ 2 flexible intervals
instead of just two intervals separated by the attribute’s mean.

Definition 1 (p-Partition). Given a set 𝑆 of tuples, and a vector

𝑑 = (𝑑0, 𝑑1, . . . , 𝑑𝑝 ) where 𝑝 ≥ 1 and −∞ = 𝑑0 < 𝑑1 < . . . < 𝑑𝑝−1 <

𝑑𝑝 = ∞, the 𝑝-partition P𝑑 (𝑆, 𝑗) of the set 𝑆 over an attribute 𝑗 is the

disjoint partition {𝑃1, 𝑃2, . . . , 𝑃𝑝 } of 𝑆 such that 𝑃𝑖 = {𝑡 ∈ 𝑆 : 𝑑𝑖−1 ≤

𝑡 . 𝑗 < 𝑑𝑖 } for 1 ≤ 𝑖 ≤ 𝑝 , where 𝑡 . 𝑗 is the attribute 𝑗 of tuple 𝑡 .

Algorithm 5 1-D Dynamic Low Variance

Input: 𝛽 := bounding variance
𝑆 := set of 𝑘-dimensional tuples of size 𝑛
𝑗 := attribute to partition

1: 𝑆 ← list of tuples in 𝑆 sorted in increasing order of attribute 𝑗

2: 𝑉 ← ∅

3: 𝑑 ← {−∞,∞}

4: for each 𝑡 ∈ 𝑆 do

5: if 𝜎2 (𝑉 ∪ {𝑡 . 𝑗}) > 𝛽 then ⊲ 𝜎2 is the variance function

6: 𝑑 ← 𝑑 ∪ {𝑡 . 𝑗}

7: 𝑉 ← ∅

8: 𝑉 ← 𝑉 ∪ {𝑡 . 𝑗}

9: 𝑑 ← vector of values in 𝑑 sorted in increasing order
10: return P

𝑑
(𝑆, 𝑗)

3.1 1-D Dynamic Low Variance

The core idea of 1-D DLV is to minimize the variance of each subset
𝑃𝑖 in a 𝑝-partition by dynamically allocating more 𝑃𝑖 ’s to partition
a spread-out set of attribute values and fewer 𝑃𝑖 ’s to partition a
concentrated one. The procedure is given as Algorithm 5.

Given a specified value 𝛽 > 0 called the bounding variance, 1-
D DLV iterates through the attribute values in increasing order
(line 1). The algorithm keeps track of a running variance of the
values grouped so far (line 9). Once this variance exceeds 𝛽 (line 5),
it places a delimiter between the current tuple and the previous
one and resets the running variance (lines 6-7).

Configuring 𝒅𝒇 . Recall that a smaller downscale factor 𝑑𝑓 in Section
2 yields a smaller expected number of tuples in by each group. A
representative tuple more accurately represents its group’s tuples if
the group has fewer, more concentrated tuples.We also augment the
solution package 𝑆 ′

𝑙
at every Shading iteration with neighboring

representative tuples (Section 2.2). If we have smaller, and hence
more, neighboring groups, we can add more representative tuples
to 𝑆 ′

𝑙
during Neighbor Sampling up to the augmenting size 𝛼 and

thus better capture hidden outliers. However, the smaller the 𝑑𝑓 ,
the higher the computational cost of Progressive Shading as the
depth of the hierarchy of relations increases. We observed that
𝑑𝑓 ≈ [10 − 1000] achieves the right balance between accuracy and
computation cost.

Configuring 𝜷 . In Progressive Shading, given a downscale fac-
tor 𝑑𝑓 , one wishes to find a bounding variance 𝛽 such that the
𝑝-partition produced by 1-D DLV has 𝑝 ≈ 𝑛/𝑑𝑓 where 𝑛 is the
relation size. However, 1-D DLV with a single bounding variance
𝛽 can fail to achieve certain small target values for 𝑑𝑓 , especially
when the variance of the distribution is low; see Figure 5. This is
an issue since Progressive Shading requires 𝑑𝑓 to be very small
(𝑑𝑓 ≈ [10 − 1000]). DLV overcomes this issue by using multiple
bounding variances on multiple attributes and as a result extends
to multidimensional settings.

3.2 Dynamic Low Variance

DLV is displayed as Algorithm 6. It is a divisive hierarchical cluster-
ing algorithm [29] where all tuples start in one cluster (line 2) and
splits are performed recursively until we reach ≈ |𝑆 |/𝑑𝑓 clusters
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Figure 5: The observed downscale factor 𝑑𝑓 for different

bounding variances 𝛽 under two normal distributionsN(0, 1)

and N(0, 100).

Algorithm 6 Dynamic Low Variance

Input: 𝑆 := set of 𝑘-dimensional tuples
𝑑𝑓 := downscale factor

1: (𝑐1, 𝑐2, . . . , 𝑐𝑘 ) ← GetScaleFactors(𝑆, 𝑑𝑓 ).
2: P ← {𝑆} ⊲ P is a max-priority queue

3: while |P | < |𝑆 |/𝑑𝑓 do

4: 𝑃∗ ← argmax𝑃∈P |𝑃 |max𝑗 𝜎
2 (𝑃, 𝑗)

5: 𝑗∗ ← argmax𝑗 𝜎
2 (𝑃∗, 𝑗)

6: 𝛽 ← 𝑐 𝑗∗𝜎
2 (𝑃∗, 𝑗∗)/𝑑𝑓

2

7: P ← (P \ {𝑃∗})∪ 1-D Dynamic Low Variance(𝛽, 𝑃∗, 𝑗∗)

return P

(line 3) where |𝑆 | is the number of tuples. The splitting always
prioritizes the cluster 𝑃∗ with the maximum highest total variance
using a max priority queue (line 4) where 𝜎2 (𝑃, 𝑗) is the variance
of the attribute 𝑗 of tuples in 𝑃 . For cluster 𝑃∗, we partition on the
attribute 𝑗 having the highest variance (line 5). As discussed below,
the bounding variance 𝛽 is set in such a way that the 𝑝-partition for
the cluster 𝑃∗ produced by 1-D DLV has approximately 𝑑𝑓 subsets
(lines 6-7).

Intuitively, DLV is analogous to iteratively partitioning the ter-
rain squares in order of highest squares first in our stylized example
(Figure 1) where each iteration corresponds to partitioning a square
into 𝑑𝑓 = 4 smaller squares. Hence, the first heuristic is to come up
with a bounding variance 𝛽 (line 6) so that in each iteration, 1-D
DLV partitions 𝑃∗ into approximately 𝑑𝑓 subsets (line 7). Let 𝜎2 be
the variance of the partitioning attribute of 𝑃∗. We observed that
the appropriate form for 𝛽 is 𝑐𝜎2/𝑑𝑓

2 for a constant 𝑐 > 0 since 𝑃∗

is partitioned into approximately 𝑑𝑓 subsets so the variance of each

subset is expected to decrease by a factor of 𝑑𝑓
2. Moreover, the

value of 𝑐 depends on the distribution of 𝑃∗ and we can accurately
find such 𝑐 , by simply binary searching 𝛽 for each 𝑃∗ assuming that
the number of partitioning subsets of 𝑃∗ is a decreasing function of
𝛽 . However, this approach requires us to do multiple executions of
1-D DLV over 𝑃∗ in each iteration and hence is slow in practice. To
avoid this, we can approximate 𝑐 𝑗 for each attribute 𝑗 before the it-
erations via the GetScaleFactors function (line 1) which essentially
samples the attribute values and then does a binary search. See [22,

Appendix D.1] for the details of the function. For our datasets, we
found 𝑐 = 13.5 to work well.

The second heuristic is to choose a ranking that best captures
the variability of a multi-dimensional subset 𝑃 ∈ P (line 4). For
each subset of tuples, one can compute the variance or the total
variance (i.e., variance times set size) for each attribute and take the
maximumover all the attributes.We observed empirically that using
the total variance would produce much better solutions compared
to using the variance. There are several advantages to using DLV:

• It partitions on multiple attributes and produces partitions for
any given number of partitioning subsets.

• The actual DLV partitioning operation is usually executed on a
partition much smaller than 𝑆 . This allows sorting algorithms
on these smaller subsets to be much faster and cache-friendly.

• The average number of passes through the relation is
O(log𝑑𝑓

𝑛/𝑑𝑓 ) where 𝑛 is the relation size and 𝑑𝑓 is the down-

scale factor .

In [22, Appendix D.2], we show how to extend DLV to run on
large relations via a bucketing scheme.

3.3 Comparison to kd-tree

Partitioning score. Partitioning of a relation groups similar tu-
ples together. A representative tuple can then be computed as an
average over the similar tuples in the group. This similarity can be
quantified by the tuples’ distances to the representative. If we take
the average of the squared distances between these tuples and the
representative then this measure corresponds to the variance of the
tuples’ attributes. Therefore, the variance of the tuples’ attributes
reflects, on average, how spread out or clustered the group’s tu-
ple attribute values are and thus the similarity of tuples within
the group. A good partitioning algorithm will create groups with
more tightly clustered tuples, i.e., low within-group variance. Con-
sequently, a useful measure of how well a partitioning algorithm
performs will reflect the changes in within-group variance before
and after partitioning. We define the Ratio Score as such a mea-
sure. For simplicity, we will restrict our analysis to partitions over
one-dimensional tuples:

Definition 2 (Ratio score). For the 𝑝-partition P𝑑 (𝑆) of the set

𝑆 of one-dimensional tuples, let 𝜎2𝑖 be the variance of the tuple values

in partition 𝑃𝑖 (1 ≤ 𝑖 ≤ 𝑝) and 𝜎2 > 0 be the variance of tuple values

in the unpartitioned set 𝑆 . The ratio score 𝑧 (P𝑑 (𝑆)) is
∑𝑝
𝑖=1 𝜎

2
𝑖 /𝜎

2.

Intuitively, the ratio score is the ratio between the sum of the
subsets’ variance and the set’s variance. Hence, the lower the score,
the better the partitioning algorithm. The lowest score is 0 when
all the subsets have a variance of 0. On the other hand, if all of
the subsets are empty except one 𝑃𝑖′ then 𝜎2𝑖 = 0 for 𝑖 ≠ 𝑖′ while

𝜎2𝑖′ = 𝜎2. Hence, the score is 1 for such a trivial partition. Ratio
scores that exceed 1 are possible, as shown in Theorem 1 below.

kd-tree versus 1-D DLV. kd-tree is also a divisive hierarchi-
cal clustering algorithm [29] where a cluster is always split into
two smaller clusters using the mean value. For generating up to
several thousands of clusters, kd-tree is more efficient than other
traditional clustering algorithms since each pass through the re-
lation essentially doubles the number of clusters produced. Once
the number of generated clusters goes beyond millions, however,
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Figure 6: For a distribution consisting of one value each for

−𝜔 and 𝜔 and many values at 𝜔 + 𝜖, the first kd-tree split

is at 𝜇 between 𝜔 and 𝜔 + 𝜖, forcing a grouping of the highly

discrepant values −𝜔 and 𝜔 .

its performance deteriorates. In Brucato et al. [5], a cluster 𝑃𝑖 is
considered for splitting if it satisfies one of the two conditions: (1)
its size |𝑃𝑖 | is more than size threshold 𝜏 ≥ 1; and (2) its radius 𝑟𝑖 is
more than radius limit 𝜔 ≥ 0 where 𝑟𝑖 = max𝑥∈𝑃𝑖 |𝑥 − 𝜇 (𝑃𝑖 ) | and
𝜇 (𝑃𝑖 ) is the mean of 𝑃𝑖 . The following result shows that on some
data sets the clustering performance of kd-tree degrades totally
while 1-D DLV attains almost perfect clustering.

Theorem 1. For any radius limit 𝜔 > 0, there exists a sequence

{𝑆𝑛} of sets of one-dimensional tuples whose variances converge to

0 such that for any size threshold 𝜏 ≥ 2, kd-tree’s ratio score tends

to∞ as 𝑛 →∞. On the other hand, using 1-D DLV with a bounding

variance 𝛽 = 24𝜎2 (𝑆𝑛)/|𝑆𝑛 |
2, the ratio score converges to 0.

We include the full proofs of our theoretical results in [22, Ap-
pendix A]. To prove Theorem 1, we construct a sequence {𝑆𝑛} of
sets of one-dimensional tuples as in Figure 6. We force kd-tree
to group two very dissimilar values by exploiting the fact that the
splitting intervals of kd-tree are fixed as long as the mean of the
values does not change. 1-D DLV, on the other hand, with an appro-
priate choice of bounding variance, overcomes this issue. Indeed,
we now show that 1-D DLV has a low ratio score for virtually any
large relation. Specifically, for any set of 𝑛 one-dimensional tuples,
1-D DLV, using the above bounding variance, achieves an 𝑂 (1/𝑛)
ratio score. Moreover, the corresponding partitioning is nontrivial
in that there exist partitions with at least two tuples, i.e., 𝑝 < 𝑛.

Theorem 2 (Universal bounded ratio score). Let 𝑆 be a set

of one-dimensional tuples of size 𝑛 ≥ 2 with variance 𝜎2 > 0. Then

1-D DLV with a bounding variance 𝛽 = 24𝜎2/𝑛2 will produce a 𝑝-

partition P𝑑 (𝑆) where 𝑝 ≤ (3/4)𝑛 + 1/2Ðso that the partitioning is

nontrivialÐand 𝑧 (P𝑑 (𝑆)) ≤ 24/𝑛.

At a high level, our proof proceeds by estimating the number
of so-called critical intervals, which are intervals of consecutive
values in increasing order such that the two endpoints of any such
intervals cannot be in one partitioning subset as it would violate the
above bounding variance 𝛽 . This, in turn, allows us to upper-bound
the number of partitioning subsets containing a single value, i.e.,
not all partitioning subsets will contain a single value and thus
upper-bound 𝑝 as well. As a result, the ratio score is bounded by
24/𝑛 where 𝑛 is the number of tuples.

DLV in practice. Figure 7 shows the ratio score 𝑧 of various algo-
rithms using the same downscale factor 𝑑𝑓 partitioning on a normal

distribution N(0, 1) with 105 samples.

Mini-Experiment 5. How efficient is DLV compared to kd-tree

when producing a large number of groups?

We ranDLV and the kd-tree implementation as in [5] to partition
the dataset TPC-H described in Section 4.1. DLV partitioned a

Figure 7: DLV outperforms kd-tree and performs as well as

1-D DLV for various values of downscale factor.

relation of 108 tuples in 138s using 80 cores to produce approx-
imately 106 groups while kd-tree executed in 300s to produce
approximately 103 groups. (kd-tree is not well-suited to produce
as many groups as DLV due to efficiency issues as well as the
inability to directly control the number of groups produced). For
a relation of 109 tuples, DLV took 1827s to produce approximately
107 groups while kd-tree ran out of memory.

4 EVALUATION

In this section, we demonstrate experimentally that Progressive
Shading is very effective at overcoming the false infeasibility issues
of the prior art (i.e., failing to derive a solution for feasible queries)
while achieving superior scalability. We first describe the setup of
our evaluation, including datasets, queries, and metrics, and then
proceed to showcase our results.

4.1 Experimental Setup

Software and platform. We use PostgreSQL v14.7 for our exper-
iments to use built-in features such as range types to store DLV’s
partitioning information and GiST indexes over these range types.
The main algorithms are implemented in C++17, which uses the
libpq library as an efficient API to communicate with PostgreSQL

and the eigen library for efficient vector/matrix operations. For par-
allel implementation, we use C++ OpenMP for multi-processing
computation [7]. For solving a sub-ILP in Dual Reducer, we use
Gurobi v9.5.2 as our black-box ILP solver [10]. We run all experi-
ments on a server with Intel(R) Xeon(R) Gold 6230 CPU @ 2.10GHz
with 377GB of RAM and 80 physical cores, running on Ubuntu
20.04.4 LTS. Our implementation is available at [22].

Datasets.We demonstrate the performance of our algorithms us-
ing both real-world and benchmark data. The real-world dataset
consists of 180 million tuples extracted from infrared spectra
(APOGEE/APOGEE-2) of the Sloan Digital Sky Survey (SDSS) [1].
For the benchmark dataset, we use the LINEITEM table from TPC-

H V3 [31] with a scale factor of 300; the table contains 1.8 billion
tuples. In order to make results comparable across the two datasets,
we use the same query structure with constraint bounds that are
set to achieve a specific query hardness level given the mean and
standard deviation of the attributes in the dataset.
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Queries. Given a dataset, we have developed a novel method for
systematically generating queries of varying hardness, rather than
generating queries in an ad hoc manner. This approach allows com-
prehensive benchmarking and yields a better empirical assessment
of the generalizability of a technique to other data sets or package
queries, which can be arbitrarily easy or hard. Specifically, we use
a package query template and systematically vary the constraint
bounds to expand or shrink its feasibility region. As a simple ex-
ample, a package query with the constraint

∑

𝑗 𝑥 𝑗 < 𝑏 is trivially
feasible for 𝑏 = ∞ and infeasible for 𝑏 < 1 (since the 𝑥𝑖 ’s are in-
teger). The complexity of finding a solution also depends on the
objective function and the shape of the feasible region.

Query Hardness. To precisely define query hardness, let E be the
expected package size, i.e., the expected number of tuples in the
solution to a package query. Without loss of generality, consider a
constraint, 𝐶𝑖 of the form

∑

𝑗 𝑎𝑖 𝑗𝑥 𝑗 < 𝑏𝑖 . Suppose attribute 𝐴𝑖 is a

random variable with mean 𝜇 and variance 𝜎2. Then with a large
enough E and by the central limit theorem, E−1

∑E
𝑗=1𝐴𝑖 follows

a normal distribution N(𝜇, 𝜎2E−1). Constraint 𝐶𝑖 can be reformu-
lated as E−1

∑E
𝑗=1𝐴𝑖 < 𝑏𝑖/E. The probability, 𝑃 (𝐶𝑖 ), that a random

sample of E tuples satisfy 𝐶𝑖 is simply given by the cumulative dis-
tribution function (CDF) of the normal distribution N(𝜇, 𝜎2E−1)
evaluated at 𝑏𝑖/E. With 𝑚 constraints, 𝐶1, ...,𝐶𝑚 , and assuming
the attributes are independent for the sake of simplicity, the proba-
bility that a random sample of E tuples satisfy all the constraints
is 𝑃 (𝐶1,𝐶2, ...𝐶𝑚) =

∏𝑚
𝑖 𝑃 (𝐶𝑖 ). Since the chances of satisfying a

harder query’s constraints with a random sample of tuples are much
lower, we can define hardness as follows: ℎ̃ := − log10

∏𝑚
𝑖 𝑃 (𝐶𝑖 ).

Given a template package query with constraints 𝐶1, . . . ,𝐶𝑚 , their
bounds 𝑏1, . . . , 𝑏𝑚 as parameters, and the expected package size,
E, we can now instantiate a specific query of a specified hard-
ness by setting the bounds accordingly. In particular, we can set

𝑃 (𝐶1) = 𝑃 (𝐶2) = · · · = 𝑃 (𝐶𝑚) = 10−ℎ̃/𝑚 and invert the CDF

function to derive the bound 𝑏𝑖 for which 𝑃 (𝐶𝑖 ) = 10−ℎ̃/𝑚 .
Table 1 provides information on the underlying data distribution

statistics of both data sets, the package query templates, and the
bounds set for query instances of a particular hardness level ℎ̃,
where ℎ̃ ∈ {1, 3, 5, 7}.

Approaches. Our evaluation contrasts three approaches:

• Gurobi ILP solver [10]: This is a state-of-the-art solver that
computes solutions to the ILP problem directly, without any
considerations of partitioning. It provides the gold standard with
respect to accuracy but struggles to scale to large data sizes.

• SketchRefine [5]: The prior state-of-the-art in package query
evaluation employs a data partitioning and divide-and-conquer
strategy to achieve scalability.

• Progressive Shading: Our approach employs a multi-layer par-
titioning strategy that smartly augments the size of ILP sub-
problems to avoid false infeasibility, and a novel mechanism to
parallelize and reduce solving time.

Metrics.We evaluate the efficiency and effectiveness of all methods.
The first metric is running time. We measure the wall-clock time to
generate a solution for each method. This includes the time taken
to read data from PostgreSQL and the time taken for the method
to produce the solution. In particular, for Progressive Shading

and SketchRefine, the running time is computed when running
80 cores in parallel. (We use the parallel version of SketchRefine
described in [5].) For Gurobi, only sequential execution using 4
cores is available. Therefore, we also include the running time
of Progressive Shading using 4 cores in parallel. We limit the
maximum running time of any method to 30 minutes. If a method
fails to produce a solution within this time limit, it is registered as
a failed run, i.e., no solution found.

The second metric is the integrality gap. Recall that the solu-
tion of the LP relaxations of an ILP is readily available because
we can efficiently solve the LP problem using the Simplex algo-
rithm [26]. Hence, we use the LP objective value as the upper
bound for an ILP solution in a maximization problem, and as the
lower bound in a minimization problem. The integrality gap for
maximization is then defined as the ratio ILP objective over LP ob-
jective: (𝑂𝑏 𝑗𝐼𝐿𝑃 +𝜖)/(𝑂𝑏 𝑗𝐿𝑃 +𝜖) where 𝜖 = 0.1 is required to avoid
numerical instability when |𝑂𝑏 𝑗𝐿𝑃 | is too small. For minimization,
we simply invert the ratio. Therefore, it is always the case that the
integrality gap is at least 1 assuming the objective is always positive.

Hyperparameters. We set hyperparameters as follows.

• Gurobi’s MIP gap: We keep the default value of 0.1%. Gurobi
will terminate when the gap of the lower and upper bound of
the optimal objective value is less than 0.1% of the incumbent
objective value.

• SketchRefine’s partitioning size threshold: We find that the de-
fault setting proposed by SketchRefine [5] (10% of the relation
size, or ≈ 10 partitions) results in infeasibility in the sketch phase
for all queries with hardness ℎ̃ > 2 in our benchmark. We instead
set the threshold to 0.1%. This increases the number of partitions
(≈ 1000) allowing for smaller groups with more similar tuples
and better representatives leading to a higher solve rate, without
degrading the performance of the kd-tree index.

• Progressive Shading’s augmenting size 𝛼 and downscale factor

𝑑𝑓 : Using grid search, we find 𝛼 = 100,000 and 𝑑𝑓 = 100 to
be optimal. Lower 𝑑𝑓 would cause the partitioning time to be
much greater (almost 3x longer) while higher 𝑑𝑓 would cause the
partitioning groups to be less accurate since each group would
contain more tuples. Higher 𝛼 significantly increases the query
time with marginal gains to solution quality. Lower 𝛼 results in a
significant drop in optimality (3x worse). Case-by-case parameter
tuning can be used, if needed, incurring a tuning overhead of up
to 2 hours. However, the results in Section 4.2 indicated that the
foregoing hyperparameter configurationworks well with various
query structures and hardnesses. See [22, Mini-Experiment 6]
for details of the grid search.

4.2 Results

Query performance as relation size increases. Figure 8 demon-
strates the performance of each method as the relation size in-
creases, as well as the effect of increasing hardness on the running
time and the integrality gap. The set of hardness values that we
experimented with encompasses easy to average difficulty (ℎ̃ ∈
{1, 3, 5, 7}). We generate ten relation instances for each relation size
by sampling independent sub-relations from the original dataset.
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Table 1: Experimental Benchmark Q1 SDSS and Q2 TPC-H: The package query templates, underlying data statistics, and

constraint bounds at different query-hardness (ℎ̃) levels.

Q1 SDSS Q2 TPC-H

SELECT PACKAGE(*) AS P FROM sdss R REPEAT 0

SUCH THAT 15 ≤ COUNT(P.*) ≤ 45 AND

SUM(P.j) ≥ 𝑏1 AND SUM(P.h) ≤ 𝑏2 AND

SUM(P.k) BETWEEN 𝑏3 AND 𝑏4
MINIMIZE SUM(P.tmass_prox)

SELECT PACKAGE(*) AS P FROM tpch R REPEAT 0

SUCH THAT 15 ≤ COUNT(P.*) ≤ 45 AND

SUM(P.quantity) ≥ 𝑏1 AND SUM(P.discount) ≤ 𝑏2 AND

SUM(P.tax) BETWEEN 𝑏3 AND 𝑏4
MAXIMIZE SUM(P.price)

Attribute 𝜇 𝜎 ℎ̃: 1 3 5 7 Attribute 𝜇 𝜎 ℎ̃: 1 3 5 7
tmass_prox 14.45 14.96 price 38240 23290

j 14.82 1.562 𝑏1 445.37 455.56 461.91 466.86 quantity 25.50 14.43 𝑏1 772.11 866.29 924.88 970.61
h 14.05 1.657 𝑏2 420.68 409.87 403.14 397.89 discount 1912 1833 𝑏2 56456.81 44493.54 37051.09 31242.12
k 13.73 1.727 𝑏3 406.04 410.71 411.64 411.84 tax 1530 1485 𝑏3 40864.32 44877.91 45680.35 45852.68

𝑏4 417.76 413.09 412.16 411.96 𝑏4 50935.68 46922.09 46119.65 45947.32

Figure 8: Query performance as relation size increases for Q1 SDSS and Q2 TPC-H. The point values represent the median of 10

runs and the error bands are the interquartile range (IQR) of the 10 runs.

In both queries, Gurobi only scales up to a size of one million
tuples, and the running time grows exponentially with the rela-
tion size. SketchRefine scales relatively well up to ten million
tuples, but cannot sustain scaling beyond that, since the size of
refined queries increases linearly with the relation size. In addition,
SketchRefine fails to find solutions for ℎ̃ ≥ 3 for Q1 SDSS and
ℎ̃ = 7 for Q2 TPC-H. In contrast, Progressive Shading always
finds solutions in both queries and achieves well below 5s running
time even for one billion tuples.

In terms of the integrality gap, Progressive Shading achieves
close-to-optimal solutions for Q1 SDSS and Q2 TPC-H as seen
by its integrality gap curve staying as close to that of Gurobi.
SketchRefine, on the other hand, produces solutions with 20%

worse objective in Q2 TPC-H. For Q1 SDSS, the extremely high
value of integrality gap for SketchRefine is due to the fact that the
objective column tmass_prox in SDSS has many zero values. This
produces an LP solution with an objective value of 0. If SketchRe-
fine only finds an ILP solution with a positive objective value, this
value will be divided by 𝜖 = 0.1, i.e., will be scaled by a factor of 10.

False infeasibility as hardness increases. We next examine
the occurrence of false infeasibility in Progressive Shading and
SketchRefine as the hardness level becomes very high, shrinking
the feasible region (ℎ̃ up to 15 in our benchmark). For each query,
we generate ground truth feasibility by running Gurobi on the
query with its objective function removed. This will allow Gurobi

to terminate as soon as it finds a feasible solution. We restrict the

1156



Figure 9: False infeasibility as hardness increases.

relation size to one million since this is the maximum size that
Gurobi can solve within the time limit. Furthermore, for each
dataset and hardness level, we randomly sample 20 sub-relations of
size one million representing 20 queries and compute the number
of queries for which each of the methods can find a solution.

Figure 9 displays our results. For Q1 SDSS, SketchRefine
solves 13 out of 20 queries solved by Gurobi at ℎ̃ = 1 and none
at all for ℎ̃ > 1. For Q2 TPC-H, SketchRefine solves only half
as much for the usual workload of ℎ̃ ∈ {1, 3, 5} but then fails to
solve most of the hard queries where ℎ̃ > 5. On the other hand,
Progressive Shading can solve almost as many as Gurobi solves
in both queries. Results for the other queries we examined are
similar; see [22, Appendix F.1] for details.

5 RELATED WORK

In-database optimization. Recent research aims to integrate com-
plex analytics capabilities into DBMSs. SolveDB [33] provides ex-
tensible infrastructure for integrating a variety of black-box op-
timization solvers into a DBMS, whereas Progressive Shading

focuses on ILP solvers and łopens up the black boxž in order to
scale to large problems. SolveDB offers built-in problem partition-
ing which is only applicable when there are sub-problems that can
be solved independently, i.e., constraints that only exist within each
sub-problem. However, such a partitioning strategy is ineffective
for solving package queries because most of the tuples can connect
via a single constraint and thus cannot be partitioned further. DLV
provides a simple solution to the specific needs of package queries
by partitioning a very large relation into similar tuples.
Resource allocation problems. Partitioned Optimization Prob-
lems (POP) [25] is a recent technique to solve large-scale łgranularž
resource allocation problems that can be often formulated as ILPs
whose structures are different from ILPs formulated by package
queries, i.e., the number of constraints in POP can be as large as the
number of variables [21]. POP achieves high scalability by randomly
splitting the problem into sub-problems and aggregating the result-
ing sub-allocations into a global allocationÐan approach similar to
SketchRefine [5]. Thus, POP still suffers from the same disadvan-
tages as SketchRefinewhenwe increase the scale because the num-
ber of sub-problems is up to 32 in POP. Moreover, the partitioning in
POP is online while Progressive Shading is a large-scale package
query solver that runs on an offline partition produced by DLV.
Semantic window queries. Semantic windows [16] are related to
packages. A semantic window refers to a subset of a grid-partitioned
space that is contiguous and has certain global properties. For ex-
ample, astronomers may divide the night sky into a grid and search

for areas where the overall brightness exceeds a particular thresh-
old. Semantic windows can be expressed by package queries with
a global condition to ensure that all cells in the package are con-
tiguous. Searchlight [17], a recent method for answering semantic
window queries, uses in-memory synopses to quickly estimate ag-
gregate values of contiguous regions. This approach is analogous to
our hierarchical partitioning strategy using DLV where a relation
in layer 𝑙 aggregates tuples from a relation in layer 𝑙 − 1. However,
Searchlight enumerates all of its feasible solutions and retains the
best oneÐa very expensive computationÐwhereas Progressive
Shading efficiently finds potentially optimal solutions via LP.
Neural Diving. Neural Diving [24] is a machine learning-based
approach to solving ILPs that trains a deep neural network to pro-
duce multiple partial assignments of variables in the input ILP, with
the remaining unassigned variables defining smaller sub-ILPs that
can be solved using a black-box ILP solver. The neural network
is trained on all available feasible assignments to give a higher
probability to the ones that have better objective values instead
of only the optimal ones, which can be expensive to collect. The
authors of [24] evaluate the method on diverse datasets contain-
ing large-scale MIPs from real-world applications such as Google
Production Planning, Electric Grid Optimization [19], and so on.

Unlike Dual Reducer, Neural Diving does not prune variables
using an auxiliary LP but instead uses a pre-trained neural network.
This approach requires expensive training over a large dataset
of similar problem instances in order to learn effective heuristics.
Moreover, solving package queries beyond millions is currently out
of reach for Neural Diving since it requires the neural networkÐ
whose size scales with the number of variables and constraintsÐto
fit in memory.

6 CONCLUSIONS AND FUTUREWORK

In this paper, we expand our ability significantly beyond prior art [5]
to solve challenging package queries over very large relations. Our
novel Progressive Shading strategy uses a hierarchy of relations
created via a sequence of partitionings, smartly augments the size
of ILP subproblems to avoid false infeasibility, and provides a novel
mechanism to parallelize and reduce solving time.

In future work, we plan to investigate combining Neural Diving
and Progressive Shading to potentially solve a wide range of ILP
problems (not just package queries) in arbitrarily large relations.
Although Neural Diving is not currently a feasible approach, run-
ning large-scale neural networks inside a DBMS will eventually
become efficient, e.g., by integrating tensor technology into DBMS
[6, 13]. ThenÐbecause it is straightforward to generate different
package queries with various hardnesses and query structuresÐa
potential approach for solving package queries with high hardness
would train Neural Diving using the feasible solutions generated
from Dual Reducer.
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